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' simmmi

Numerical comparisons were made betwben the approxi-h-
~ mate substitute single-stringer method of shear-lag
enalysis and the exact solutions, which lndicate that for
beams of practical proportions the approximate method -
yields avalue for the maximum root-stress that exceeds

the value obtalned by use of the exact solution by less
than 10 percent.  Comparlsons of the aponroximate

solution with experimental results indicate that the
actual difference may be less than 10 percent.

Similar comparisons made for axlally loaded panels
show that adequate values of design stresses for stringers
and skin may be obtained by the approximate analysis,

In particular, at thé application of a concentrated load
in the corner flange, a finlte value for the shear stress
in the sheet 1s obtalned by the approximate method instead
of the Infinite value glven by the exact method. This
finlte value agrees well with values obtalned experi-
mentally.

" INTRODUCTION

The analysls of skin-stringer comblinations used as
exlally loaded panels or as covers of box beams presents
a problem to the stress analyst when shear deformation of
the skin alters the stress distribution predicted b
simple englneering theorles, Younger (reference 1
presented the flrst exact solutlion of this problem for
the cantilever beam, The solutlon as presented was
limited to the cantilever beam of constant rectangular
section wlth a coslne curve of bending-moment distribution

and neglected the effect of the transverse strains ‘in the
cover.
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In reference 2, Kuhn extended Younger'!s solutlon,
by means of trigonometric serles, to the cantilever beam
of constant sectlon with arbltrary distribution of the
losdd., He suggested that the solutions for beams with
covers unreinforced by stringers could be extended to
beams with covers reinforced by many stringers by
multiplying the ratlo of Young's modulus to shear modulus
E/G by the factor tg/t, where ts 1s the thickness

of a fictitious sheet obtalned by spreading the stringer
area and the effective skin area across the wldth of the
cover and t 1s the actual thlckness of the cover sheet.

These series solutions were not well sulted to
numeri¢al ‘computation because. they converged very slowly
at points :of maximum stress.  Hildebrand (reference 3)
has solved the same problems and, by more refined analysis,
has expressed the soclutions in the form of more rapldly
convergent serles, which are better sulted for obtaining
numerical results, - These forms of the exact solutions,
or slight approximations of them due to the presence of
stringera, are used herein. ,In reference l. a procedure
for the approximate sclutlon of such problems was pre-
sented -and, although very much simplified, the theory
agreed well with the test data.

In the- present paper, -numerical comparisons are
made betWeen the approximate solutions of reference L end
the exact eolutions obtained by the methods of refer-
ence 3, In addition, three NACA tests of beams that had
been analyzed previouslydby tae approximate method are
reanalyzed by the exact method and tests of a new tenslon
panel are analyzed by both methods,

SYMBOLS..
Ap area of corner flange of beam or panel, square

inches.

Ar area of stringers and -effective sheet in half width
of beam or panel, ‘square Inches

E Ybunng'modulus, kips per square inch
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¢} shear modulus, kips per square inch
e /1 1 T e
x° Ebs\ar * AL/). . . TSRy ¥

.‘ ’ -:'.‘—-I_ ' .-‘- "f

length of beam, inches

L
b half width of beam or panel, inches . .
bg substitute helf width of baam or penel, inches
. R

thickness of sheet, inches

Ar-
tg = b - l . e .
x spanwise distance measured from tip.of - beam or

panel, ilnches

y chordwise distanpe measured from center line -of
beam or panel, inches

A, nth positive root of equatlon
AF .- -
tanA-n"“]:rr_',)\n =0 ...
i = EE L
Etg b "B

(o} stress 1n cover of.beam, kips per square'inch
Op stress in corner flange of beam, kips per square

inch .
9, average stress (Mc/I stress) at root of beam,

kips per square Iinch

COMPARISON OF THEORETICAL SOLUTIONS
Cantilever Beams '

Most of the numerical comparisons between the theo-
retical solutlons for the stress distribution i1h canti-
lever beams were made for the uniformly loadad cantilever-
beam of constant rectangular cross section.: The solutlon
for the corner-flange stress for this beam and loadingy
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derived on the basis of the substitute single stringer

theory, is )
, 2AL/sinh Kx  cosh- [1'((‘1,_:1'- .'xi] !
I? “Ap \KL cosh KL K2I2 cosh KL , K2I2

In accordance with the procedure of reference ), the
value of the shear-lag parameter K was determined with
a substitute width of beam equal to the spanwlse average
dlistance from the corner flange to the centroid of the
forces in the stringers. The average stress 1in the.
stringers was computed by statlcs and was distributed
chordwlse amongz the stringers with a hyperbolic cosine
curve of distribution.

‘The exact solution for the stresses in the cover of
the uniformly loaded cantllever box beam, derived by the
procedure suggested in reference 5 and extended with some
approximation to the cover reinforced by many stringers,
is

5 =rg x_2 _ Etgb2(372
- ° GtI2 \b2

g cos Ap cos A sith pn> cosh 1-_‘_]
+u(1+— liiZL ; n%I i Wi e

<I.+ K" 0032}‘112] _co_sh b, .4n cosh an

In which the stresses in the corner flange are obtained
by setting J equal to b.

In both solutions the origln  of coordinates 1s at
the intersectlion-of the center line and the tip. Curves
of corner-rlange stress and beam center-line stress are
glven in figures -1 to 3 for values of AP/AL of 0.2 and

1-19 and vglues of "KL of 3, 6, and 12

' Similar numerical comparisons were made between the
sclutlons by thé substitute single-stringer method and the
exact solutions derived in reference 3 for two other
beams: the tip-loaded cantilever beam of constant section
and the uniformly loaded cantllever beam of constant depth
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and width in which the areas Ap and Ay, decrease
linearly from a maximum at the root to zero at the tip.
In these comparlisons only beams with an average value
of KL of 6 were considered. Curves of flange stress
and center-line stress for tliese beams are glven in
figures lj and 5.

A conslderation of the humerical comparisons for
all the beams and loadings consldered indicates that the
substitute single-stringer nie thod ¥lelds conservative
values for the maximum stress in the root section at the
corner flange and that these valuea become '‘more conserva-
tive as the ratio A /A decreases, Because a:'too con-’
servative wvalue of corner—flange 8tress results in =
decrease 1in the average stringer stress, the stringer
stresses In the root section predlcted By the substitute
single~stringer solutlon are too low. The reason for
this prediction of too great a shear-lag effect at the
root .1s the conservative method chosen for the evaluation
of the substitute width. In the root reglon the value
of the .substitute width 1s less than the average value
used in the approximate solution, which means that the
stringers in this reglon are more effective than the
anproximate method indicates,

As a further study of the effect of varying the
ratios AF/AL, computatlions.of the corner-*lange stress

at the root were made by the exact and the approximate
methods for ratios of Ap/A;, of 0.2, 0.4, and 1.0 and

values of ¥I, from 3 to 20, The ratlios of the approxl-
mate to ths exact solutions for corner-flange stress at
the root for -both tip and uniform load are given in

figure 6. It 1s appdrent that the ratio Ap/A7, 1s more
important than the factor XI in the tendency of the
approximate solution to predict greater corner-flange
stresses &t the root than the.exact solution. In the
practicael range, KL greater than 6.0 and Ap/Ag, ;

greater than 0.&, the error 1s less than 10 percent.

Axlally Loaded Panels

A problem closely related to the stress distribution
in the cover of box beams without camber 1s the streas
distribution 1n axially loaded panels reinforced with
stringers, One case 1s the panel loaded by concentrated
loads at the corner-flange tlps and long enough that the




longitudinal stresses at the far end may be consldered
uniformly distributed chordwise. The solution for such
& panel of constant cross sectlon by the substitute
single-stringer method 1s given in reference-l -and tHe
exact solution 1s given in reference 3. In figure ‘T
curves of stringer stress at the corner flange and center
.:1ine of the panel are glven for ratios of AF/AL of 0.2

and 1,0 and in figure 8 curves of shear stress at the
-corne; flange are glven.

It 1s apparent that the decreass of -the stringar
stresses from the known values at the tip ' to the average
value 1n the panel .takes place in a distance roughly
equal to the full width of the panel. 0f more impor-
tance in design is the prediction of the maximum shear.
".atress in the ‘sheet near the corner flange at the tip |
of the panel. The. exact solution predicts an infinite
: shear stress which ylelds no design solution to the .
problem, for 1t is known that the give of the rivets and
the 'finite spacing and size of the rlivets produce a
‘finite value of shear stress instead of the infinite
stress glven by the exact solution. How closely the
substitute single-stringer solutlon estimates this stress
can be indicated only by experiment,

Although the serlies forms of the exact solutions
that were used for comrarison for both beams and panels
converge more rapldly than the series solutions that have
been previously avallable, the exact method still requires
more time and effort to use than does the substitute
single-=stringer method. A direct measure of the rate of
convergence of these serles 1s the ratio, Ap/A7,. Five

or six térms are sufficient to determine the maximum. ﬂtnhupr
stress in a beam or penel when the ratio Ap/A7, 1s :

greater than 0.5, . For ratios less than 0.5, the number’
of .terms required for an adequate solution for the maximum
stress incneases rapldly with decreasing values of Ap/Ar.

CbﬁPARISOH' OF THEORETICAL SOLU?IOHS
' WITH EXPERIMENTAL RESULTS--
Cantlilever Beams
As a further comparisbn befween the exact method and
the substitute single-stringer method for the solution’ of_:

shear-lag problems, prevlious tests of three beams were.

v
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reanalyzed by the exact method, One .of the beams was
beam 3 6f reference Il testad witheut distinct corner

-Flanges, end the second was the. seme.beam tested with

distinct corner flanges.. The dimensions of these beams
are given in figure 9. . The third beam, previously re-
ported as beam 1 in reference 5,-1s shown in figure 10.

In figure 11 the measured spanwlise stresses at the
corner flange and at the center line of beam 3 without
flanges are compared wlth those computed by the exact
and the substitute single-stringer methods. At the root,
the corner-flange stress computed by the exact method 1s
about 2 percent less than the measured stress and by the
approximate method is about 10 percent greater. At the
center line of .the .beam the measured stresses are con-
alstently lower than the stress computed by either method
except 1n: the root section. where the rapid increase 1n
corner-flange stress computed by the approximate method
results.in a sharp decrease in the computed center-line
s8tress.

As. shown by comparing figuree 11 and 12 when the
ratio Ap/A;, for beam 3 is increased -from O. 087 to 0.356

by the addition of corner-flange reinforeement, the
tendency of the approximate method to predict a larger
corner stress 1s reduced. The exact method predicted
the measured corner-flange stress very closely while the
substitute single-stringer method gave a value 6 percent
higher. - The measured center-llne stresses are agaln less
than those predlcted by ‘either method except at the root
where the values. nredicted by the approximate method are
below the meaSured values,

In figure 15 the chordwlise dlistributlon of measured
stresses at the root of beam 1 from reference 5 1s given
as well as'.the stresses computed by both methods.  There
1s some approximation of the exact method due to the

‘presence of stringersbut it should be small bécause of

thelr large number. -~ The results, in general, do not

‘differ from those obtalned for the other beams. At the

root the stress obtalned by the exsct method colncildes
with the lower of the two measured corner-flange. stresses

- whlle the stress. glven by the approximate -method-

almost coihcides with the higher measured ‘streds.. At
the center line the. substltute single~stringer stresses
are agalin.lower than the experimental stresses, but the
experimental stresses lie:- halfway between those pre-
dicted by the two methods. -
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Except where there is no distinct corner flange, ) Co
the general conclusion .that can be drawn from these tests - :-
1s that the scatter of' "the experimental results is about
equal to the difference between the stresses obtalned by -
the two methods and, as a result, the values of the
maximum stresses in’ the corner flange at the root section
are not too conservatively predicted by .the . substitute
single~stringer method:

Axia;ly Loaded Panels’

The tension panel tested was the one that had been
used in reference 6. The rectangular cut-out at the -
center was enlarged until only the corner flanges re-
mained continuous. The structure then conslisted of two
tenslon panels with concentreted loads 1n the corner
flanges and wlth uniform loads at the far ends. A cross,
section of the panel is shown in figure 1lli. The results
of the test of the tension panel. are glven in figures 1%-
and 16, In figure 15 the stresses in the corner flange
and the two adjacent stringers are cempared with those
computed by both -exact and substitute single-stringer
solutions, In figure 16 the measured shear .stresses for
the three skin panels nearest the corner flange are com-
pared with the computed values..

The approximate method gives directly only a solution
for the corner-flange stresses, the averagoe stresses in
the stringers, and the shear stresses at the flange, which
are the 1mportant values of stresses for design. ‘For
comparlson with the measured stresses, values of stringer
stresses and shear stresses within the. panel were obtalned
as follows: The stringer stresses were distributed chord-
wise according to the hyperbolic cosine curve discussed
in reference l.  The shear stresses were distributed in
accordance with the nrocedure developed ‘lri- reference 6
for the distribiition -of, shear stresses around rectangular
cut-outs. At .the rib. that reinforced the tip of the
panel, the shear stresses were dlstributed chordwlse ac-
cording to the ordinates of ‘a cublc.parabola. At a '
statlon for which the distance 'from the rib station was
equal to, or greater than, one-quarter of the full width
of the panel, the chordwlse variatlon of shear.stress was
assumed to be llnear, decrsasing from a maximum at the
flange to zero at the center line, At intermedlate
statlions, the shear stresses were determined by assuming
e linear varlation spanwlse,



- l‘ -

In general, close agreement exists between the .
_stringer and skin strésses dbtained’ ‘by the exact method
and the experimental results, but at the.points impor--
tant in design the stresses obtained by the approximate
method ‘are adequate. - The approximate me thod predicts .
the maximum stresses- occurring in those stringers
adjacent to the flange and indicates that these stressés-
may rise well above the average panel stress before they
decrease to the average stress., - Close ‘to the rib the
stringer stresses rise more sharply than the subatitute
single-stringer method or the exact method indlcates, but
thls rise 1s of little consequence because these stringers
would have to be designed for. the maximum stresses. . The
shear stre$ses that occur in the skin penel adjacent to
the corner Flange &re within 8. percent of the shear
stresses computed by the approximate method and show no
tendancy to rise to the high value predicted by the exact
method for the ribh statlon.

CONCLUDING REMARXS

In beams of practical proportions the approximate
theory of the substitute single stringer wlll predict a
conservative value for the maximitm corner-flange stress
which, on the basis of the exact solutions, will be in
error by less than 10 percent, Comparisons wlth experl-
mental results lndicate that the difference between the
substltute slngle-stringer solution for the maxirium’
corner flange and observed values 1s, in general, less
than the value of 10 percent indicated by the exact
method.,

Adequate values of design stress for stringers and
sheets of axlally loaded panels can be obtained by the
substitute single-stringer method, while the exact method
greatly exaggerates the maxlimum shear stress.

Langley Memorlal Aeronautical Laboratory,
National Advisory Commlttee for Aeronautlcs,
Langley Fleld, Va.
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